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In the wetting problems of very small scales, such as in nanotubes and nanoparticles, the contribution
of line tension potentially becomes significant. In contrast to the molecular contribution, there rarely exists
any literature that systematically considers the electrical contribution to the line tension in wetting. In
this paper, the electrical double layer around a wedge-shaped confinement (which represents the region
of the three-phase contact of an electrolyte droplet on a charged, or ionizable, substrate) is analyzed. An
exact analytical solution for the linearized Poisson—Boltzmann equation is obtained for both the constant
surface charge and the constant surface potential conditions. Comprehensive analytical formulas of the
line tension are derived. An equation for predicting the contact angle is also shown, considering the
dependence of the electrostatic line tension on the contact angle. It is exhibited that the line tension can
have either a positive or a negative value depending on the sign of the surface charge density. It is
demonstrated that the magnitude of the line tension is comparable or (potentially) greater than that of
the molecular contribution. To corroborate the results of the linear theory, the nonlinear Poisson—Boltzmann
equation is solved numerically. The results of the nonlinear theory show reasonable agreement with those

of the linear theory.

Introduction

The line tension (7) is a measure of the excess free energy
per unit length (having the dimension of joule per meter,
or newton) of the contact line at the boundary between
three bulk phases. Itis a one-dimensional analogue of the
surface tension and represents the edge effect in wetting
of a liquid layer (film or droplet) sitting on a substrate.
The theoretical prediction of the line tension indicates
that it has very small values ranging from 10712 to 101°
N (see, e.g., refs 1 and 2). However, the line-tension
correction term appears in Young's equation in the form
of 7/R, where R represents typically the base (contact)
radius of adroplet. Therefore, its effect becomes significant
as the droplet size gets smaller, such as for interfacial
problems of fine colloidal particles, droplets, and bubbles.

The line tension, thus, plays an important role in
determining the contact angle of a microscopic droplet,
the nucleation behavior of a droplet on a surface, the
dynamics of contact-line spreading, and the attachment
of solid particles to a fluid interface.~* Furthermore, the
recent shift in interest to much smaller scales increases
the concern for the line-tension effect. This includes the
wetting problem of a nanotube,>° the contact-line evolu-
tion in patterned substrates,® and the wetting transition
of nanoparticles at a fluid interface.'*'? Although there
isacertain limit in the macroscopic description of wetting
in very small scales, the extension of the macroscopic
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description employing the line tension is still a useful
alternative to the molecular approach.?

The Coulombic interaction is a key factor in the wetting
of electrolyte liquid on acharged (or ionizable) surface.'*7
The line tension originates from the local change of the
interactions near the three-phase contact line (such as of
van der Waals, electrostatic, etc.), with respect to those
of the bulk region, due to the existence of the third phase.
Like what the van der Waals and other interactions do to
what we call the molecular line tension, the electrostatic
interaction will be perturbed near the three-phase contact
line (TCL) and will certainly contribute to the line tension.

In contrast to the molecular contribution, little attention
has been paid to the electrostatic contribution to the line
tension in wetting problems. Among them, Denkov et al.'8
have considered the case of the two flocculating droplets.
They obtained the line tension (under the Derjaguin
approximation) including the van der Waals interaction,
the electrostatic interaction, and the deformation of the
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Figure 1. Coordinate system and definition of variables.

liquid surface. To our knowledge, there exist only two
recent theoretical investigations of Digilov'* and Chou'®
that are concerned with the electrostatic line tension for
systems similar to those of the present interest. The work
of Digilov'* is concerned with the role of the line tension
in wetting but without an assessment of the magnitude
of the line tension. Chou?® briefly discussed that the line
tension on a charged surface should be o/(ex?) times a
factor dependent on the contact angle, where ¢ is the
surface charge density, ¢ is the electric permittivity, and
k isthe inverse Debye length. However, he did not provide
any information on the detailed functional dependence of
the line tension on the contact angle. This motivates the
present work of the quantitative assessment of the
electrostatic contribution to the line tension.

In the present paper, we provide analytical results for
predicting the line tension of electrostatic origin in the
case of asimple geometry. For this, the linearized Poisson—
Boltzmann equation is solved analytically for a wedge-
shaped geometry, which is a representative model of the
edge of a droplet sitting on an ionizable substrate. The
analytical formulas of the line tension and its gradient
with respect to the contact angle are obtained in eqgs 24,
25, 28, and 29 for the constant charge (CC) and the constant
potential (CP) cases, respectively. The nonlinear Poisson—
Boltzmann equation is also solved numerically, and the
results show reasonable agreement with those of the linear
theory. It is demonstrated that the magnitude of the line
tension is comparable or even greater than that of the
molecular contribution. Also shown is that, in the CC case,
the sign of the line tension can be either positive or negative
depending on the value of the surface charge density.

The present investigation is not intended to compare
with existing experimental data or to explain the well-
known large discrepancy between predictions and
experiments.t2410.19-20 Unfortunately, because there is
no means of measuring the electrical contribution to the
line tension separately, a verification of our results cannot
be performed. Nevertheless, the present work is mean-
ingful in that it provides an analytical modeling of the
line tension under the charge-related wetting configura-
tions and will become a basis for further investigations
on the electrically induced line-tension effect.

Free Energy of the System

We consider a droplet in stable equilibrium on a solid
substrate, submerged in another liquid or air. For most
of the practically important circumstances, however, air
is the surrounding fluid. So, we limit our attention to the
case of air as the surrounding fluid. A cross section of the
droplet shown in Figure 1 can be imagined to continue
normal to the page. We introduce a control surface X~ =

Langmuir, Vol. 19, No. 22, 2003 9335

S1» U Si3 U S1., Which encloses the edge region of the
droplet (Q). Hereafter, the indices 1, 2, and 3 will denote
the variables associated with the droplet, the air, and the
substrate, respectively. The double indices in Sy denote
the surface in the jth medium facing the kth medium.

The total free energy of the system (Git) can be
represented as a sum of the mechanical (Gnen) and the
electrochemical (G) parts. The electrochemical part can
be further decomposed to electrostatic (Ge) and chemical
parts (Genem); thatis, G = Gg + Gerem- Then, neglecting the
gravitational effect and assuming the interfacial tension
on a given interface is a constant value, the variable part
of Gt can be written as???

Gtot = Gmech + GeI + Gchem (1)

=V12A12 t (V13 — V23)Ass T fz ds ﬂ)a%(a) do +
JdS Y [y @ = i) AT,
m

where the first two terms, the third term, and the fourth
term correspond to Guech, Gel, and Genem, respectively. Here,
yik and Aj denote the interfacial tensions and the surface
areas, @s is the electrostatic potential at the surface, and
I'm is the amount of the mth ionic species adsorbed per
unitsurface area, which is related with the surface charge
density as 0 = 5 nzmel'm (Where z,, is the valence of mth
ionic species and e is the electronic charge). z;, and ng are
the chemical potentials of mth ionic species at the surface
and in the bulk liquid, and z, is related with the
electrochemical potential as

Hin =l 2B ()

Note that the interfacial tension of a charged interface
is modified by the contributions from the adsorption layer
and the diffuse electric double layer (see, e.g., refs 23—
24). Because the contributions from the electric double
layer and the nondouble layer energy of adsorption are
accounted for by the two integral terms in eq 1, yj«
represents the interfacial tensions of the boundaries
between the pure phases, that is, for a liquid without
adsorbing solutes (6 = 0 and I'y,, = 0).

The third term in the right-hand side of eq 1 is the
electrostatic contribution, which can be alternatively
written (for z:z electrolytes) as?

Gy = [0S [ ¢y(0) do=
Sy o9 dS — [ ['Le|Ve? + TI(¢)] dQ (3)

where ¢ is the electric permittivity of the droplet, IT =
2n°kT[cosh By — 1] is the osmotic pressure, n® is the
number density of ionic species in the bulk region, k is the
Boltzmann constant, T is the absolute temperature, and
B = zelkT. The electrostatic potential ¢ satisfies the
following Poisson—Boltzmann equation inside the droplet:
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VZp = (K’IB) sinh Bg (4)

where k1= (2nPz2%e?/ekT) Y2 represents the Debye length.

For the CC case, the amount of adsorbed ions per unit
surface area is uniform over each surface. If we assume
that the chemical potential at the surface (i;,) is the
function of only Ty, [i.e., &, = &;,(Tm)], the chemical free
energy per unitsurface area is constant over each surface.
If we omit G, there is no difference in the final result
of the line tension. Even if we proceed with retaining
Glheme it Will be absorbed into the bulk part of the free
energy (GZ; defined later in eqgs 7 and 8), which has no
contribution to the excess free energy. For now, we omit
Gthem iN the electrochemical free energy for the CC case;

that is, G = G — Gg,,m, Which becomes??

G" =Gy’ = [log dS — [ ['elVgl* + T(¢)] dQ  (5)

Note that, for the sake of convenience, G = G — G, iS
again called the electrochemical free energy.

For the CP case, if the equilibrium condition of x5, = u?,
is considered, fi;, — u;, = —Zm€@s in eq 2 becomes constant.
After substituting this into G¢hem and then by using o =
Y mZmel'm, We obtain the chemical free energy as G%,.., =
— s 0@ dS.2122 Thus, the electrochemical free energy in

this case (G? = G¢ + Gf o) becomes
G = — [ [Y€lVel* + I(¢)] dQ 6)

In the CP case, the chemical free energy loss of the bulk
electrolyte due to charge transfer to the surfaces is exactly
balanced by the increase of the electrostatic free energy
(see ref 25, p 398). This is analogous to the case of pure
electrostatics in which the bulk electrolyte is the charge
reservoir.?® Note that the difference between G° and G¢
is that the surface-integral term in G° disappears in G¢,
which arises because G¢hem IS omitted in G°.

We totally neglected the free energy contribution from
the air phase ab initio. This can be justified as follows.
The electric permittivity of the aqueous electrolyte solution
is significantly greater than that of air. Thus, the
contribution of the air phase to the first term in the volume
integral in G°¢ can be neglected. We assume here that the
air—substrate interface is not charged. So, the surface-
integral term in G? in the air phase is null. Last, the ion
density in the air phase is negligible, so that the osmotic
pressure term vanishes in the air phase.

Electrostatic Line Tension and Contact Angle

The electrostatic contribution to the line tension is
composed of two parts. One arises from the local change
of interfacial tension (due to the electrocapillary effect)
by the excess electrostatic interaction in the TCL region.
The other arises from the shape distortion from the
straight interface. The latter contribution inevitably
necessitates the analysis to find the interfacial shape,
which is beyond the scope of the present investigation. As
a first attempt to the theoretical modeling of the line
tension in charge-related phenomena, it seems reasonable
to consider the first part of the line tension. Thus, we
assume a straight interface, which naturally leads to a
wedgelike geometry.

(25) Hunter, R. J. Foundations of Colloid Science; Oxford University
Press: New York, 1987; Vol. 1.

(26) Landau, L. D.; Lifshitz, E. M. Electrodynamics of Continuous
Media; Pergamon Press: Sydney, 1960; p 32.
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The electrochemical free energy (G’ and G¥) can be
represented as the sum of the free energy of the system
that would be obtained if there is no double layer
interaction near the TCL (GZ%, we call here the bulk part)
and the remainder; that is,

G’ = GI¥ + 7L (7)

for each case. Here, L is the length of the contact line (i.e.,
the perimeter), which becomes L = 2zR for an axisym-
metric droplet having a base radius of R. The second term
represents the contribution from the excess free energy
due to the electrostatic effect (i.e., the electrostatic line
tension 7). As mentioned in the Introduction, we omit
the molecular contribution to the line tension because it
is not considered in the present work.

The bulk part of the free energy (G2%) can be further
decomposed into two contributions, which are associated
with the droplet—substrate interface (S;3) and the droplet—
air interface (S;2). Thus, for both the CC and the CP cases

Go" =097"A;3 +957A, (8)

For the CC and CP cases, the free energy per unit surface
area far from the TCL in each surface (gf”(“, where j =1
and 2 denote the values associated with S;3 and S,
respectively) becomes, from eqgs 5 and 6,

- 8n°kT BPje
9j = 0. — [cosh 2’ - 1] (9a)
b .
g/ = - 8n I(T[cos.h ﬁq;,m - 1] (9b)

where @j. represents the surface potential far from the
TCL. The difference between gjf’ and ng” is again caused
by omitting the chemical contribution for the CC case.

Next, we consider how the line tension contributes to
the macroscopic energy balance. The total free energy of
the system in eq 1 can be rewritten, by decomposing the
electrochemical contribution as shown in eqs 7 and 8, as

Gt = (12 T 999A, +
(713 + 977 — v23)A3 + 27R7%(a) (10)

Note that we left the line tension, which is often regarded
as a constant, as a function of the contact angle (o).
Applying the minimum free energy requirement of
thermodynamics for equilibrium of an axisymmetric
droplet, the following modified Young's equation is
obtained:

g Tell OTg"

712/ COS @ = 7,3 — 713 — h1¥ — R R (11)

where h{ = gf, h{ = g7 + ogo, and ¢, denotes the
electrostatic potential at the TCL. The additional term
oo for the CC case originated from the change of the base
area of the droplet and the consequent change of the total
amount of surface charges at the droplet—substrate
interface (see, for details, refs 16 and 17). Here, y1,' is the
modified interfacial tension due to the electrocapillary
effect at the droplet—air interface, which becomes

, 8n°kT BPjeo
Viz =Vi2 T T [COSh 2J -1 (12)
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at a far distance away from the TCL. The interfacial
tension contributed by the curvature of S;; can be
considered additionally in y;,. The fifth term on the right-
hand side of eq 11 represents, eventually, the contact angle
dependence of the electrostatic line tension. The molecular
counterpart of such a contact-angle-dependent contribu-
tion to Young's equation has been suggested by Marmur
and Wolansky?’~2° and Krotov and Rusanov.%°

The volume of adroplet (V,) is related to the base radius
and the contact angle as V| = (7R%/3)(1 — cos a)?(2 + cos
o) cosec® a (see ref 25, p 300). By taking the derivative of
both sides of the foregoing relation with respect to a, we
obtain

da. _ cos a+ cos® o — 2 _ (o)

R Rtan(@w2) R

where

_ cos o+ cos? o — 2
@) ="""an w2 (13)

Figure 2 shows the function f. The function f always
has anegative value,and f=0at # = 0 and 180°; therefore,
o decreases as R increases. Because dte/d0R = do/o0R x
dta/da, the modified Young's equation becomes

1 0

— hyo - ﬁ[r:rﬂ +(c)

, Tei”
V12 COS QL= Vo3~ V13 900 (14)
For a straight interface, the motion of the contact line
induces translation of contact line (Figure 3b), rotation of
the droplet—air interface (Figure 3c), and extension of
the contact line (Figure 3d). In eq 14, h]“ corresponds to
the free energy change due to the translation of the contact
line (Figure 3b). That s, itis the electrostatic contribution
to the wetting tension.’® The line-tension term /R
represents the work done to increase the base radius
(contact line; Figure 3d). As mentioned earlier, the line
tension is often assumed to be constant. On the other
hand, a certain extent of external work should be done to
change the contact angle itself, overcoming the repulsive
electrostatic interaction at the TCL. This part is repre-
sented in eq 14 as f(o)/R x dze/da (See, for the molecular
counterpart, refs 19 and 27—30).

(27) Marmur, A. J. Colloid Interface Sci. 1997, 186, 462—466.

(28) Marmur, A. Colloid Surf. A 1998, 136, 81—88.

(29) Wolansky, G.; Marmur, A. Langmuir 1998, 14, 5292—-5297.

(30) Krotov, V. V.; Rusanov, A. I. Physicochemical Hydrodynamics
of Capillary Systems; Imperial College Press: London, 1999; p 16—19.
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(d)

Figure 3. Decomposition of the contact-line motion. (a) Motion
of contact line. (b) Translation in the radial direction. (c)
Rotation. (d) Extension in the contact-line direction.

lal" _% S,
;-899_" £ )
Vip=K'gp
air g
6) droplet
Si
8]
19| __o
roél,, €

Figure 4. Domain of the analysis of the electrostatic field.

In the following section, the linearized Poisson—Boltz-
mann equation will be analyzed for the CC and the CP
cases to determine 7, and dte/do.. Before proceeding, we
linearized the electrochemical free energies as (see, for
more details, appendix A)

G” =", [ .op ds (15a)
G’ =~ [.op dS (15b)

As noted earlier, the difference between G? and G? arises
because we omit Gepem iN G°.

CC Case

Electrostatic Potential. As mentioned earlier, the
shape of the edge of the liquid layer is modeled as wedgelike
geometry (see Figure 4). A (r, 0) cylindrical coordinate
system is introduced in which the origin is placed at the
TCL.

The Poisson—Boltzmann equation can be rewritten in
linearized form in the cylindrical coordinate system as

1o _

oy K (16)

rar\ ar,

2 =1 i(rafp)
On the substrate surface, a constant charge density of o;
is assumed, which is written in the cylindrical coordinate
system as
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10¢(r,0) 01
r 90 € (17)

At the droplet—air interface, it is assumed that there are
electrical charges with the constant charge density o,.
Because the electric permittivity of aqueous electrolyte
solution is much greater than that of air, the electric flux
into (or from) the air phase can be neglected. Then, at the
droplet—air interface, the following boundary condition
can be applied:

1 8@("1 0‘) _ 02
r 90 e (18)

where o represents the wedge (contact) angle.

The solution for the CC case, in which the insulating
condition is applied at the droplet—air interface (i.e., o,
= 0), was originally given by Fowkes and Hood%' by
introducing the Kantorovich—Lebedev transform. Here,
we extend the analysis to the case of arbitrary (but
constant) charge density.

The transform and its inverse transform of Kanto-
rovich—Lebedev are defined respectively as

0.0 = [Tolr, ) K6 (192)
¢(r, 0) =2 [5(0, 2) K, (kn)A sinh a2 i (19b)
JT

where Kij;(«r) is the modified Bessel function®?3® and i =
(—1)¥2. Applying the Kantorovich—Lebedev transform to
the linearized Poisson—Boltzmann equation, we obtain

2~
% — 25 =0 (20)

The modified Bessel function Kj;(kr) can be rewritten

as Ki(kr) = [g e «reosht cos At dt (ref 33, eq 9.6.24). Then,
it becomes (ref 34, eq 3.981.3)

1pecosit . _ & 1
k0 cosh t 2k cosh(A/2)

J3 Kyg(er) dr = (21)

By using the foregoing formula, the boundary conditions
in egs 17 and 18 are transformed respectively as a¢(0,
MI00 = —m@1./[2 cosh(Ax/2)] and 9¢(a, A)/90 = m@,./[2 cosh-
(An/2)], where @1, = 01/(ex) and @2 = 02/(ek) represent the
electrostatic potential at the droplet—substrate and the
droplet—air interfaces far from the TCL, respectively.
The solution of the transformed Poisson—Boltzmann
equation (eq 20) can be written in the form of (0, 1) =
Ai(1) cosh (0 — o) + Ay(4) cosh A6. The unknown
coefficients A;(4) and A,(1) are determined by using the
transformed boundary conditions as A;(1) = [T@1./(24)]/
[sinh Ao cosh(A/2)] and A1(4) = [/ (24)]/[sinh Ao cosh-
(A7/2)]. The resulting solution in 1 space becomes

(31) Fowkes, N. D.; Hood, M. J. Q. J. Mech. Appl. Math. 1998, 51,
553—-561.

(32) Arfken, G. Mathematical Methods for Physicists, 3rd ed.;
Academic Press: London, 1985; p 610—616.

(33) Abramowitz, M.; Stegun, 1. A. Handbook of Mathematical
Functions; Dover Publications: New York, 1972,

(34) Gradshteyn, I. S.; Ryzhik, 1. M. Table of Integrals, Series, and
Products; Academic Press: London, 1965.
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JT
27 sinh o cosh(Z/2)
{¢,, cosh 1(6 — o) + @,., cosh 16}

@0, 1) =

Applying the inverse transform to the foregoing equation,
one obtains the following solution

2 pesinh(Anf2) ~
¢ 0) =" Jo ~sinnh iq 1 COSN A(0 — o) +

@2 COSh A0} K, (k1) A (22)
Line Tension. If we rewrite the linearized electro-

chemical free energy for the present CC case shown in eq
15a, it becomes

G" = S{oy [ o(r, 0) dr + 0, [(r, o) dr}  (23)

where L = 27R for an axisymmetric droplet. Substituting
@ in eq 22 into eq 23, we obtain

o ekl w peSINN(A7T/2)
G =" {(ple; 0 sinf 7o\ #1e COSh 2o+

wsinh(177/2)

@2} Kip(icr) dr dA + g02°°fooo 0 sinh io ‘71w

¥oe, COSh A} K, (xr) dr d/l}

By using eq 21, we can show, without difficulty, that the
foregoing relation is changed to

L ro  sinh(iz/2) 2
== { h Ao +
2/ cosh(A/2) sinh At ¥1e €05 A&

<;02°°2 cosh Aot + 2¢; @50t dA

From eq 7, the electrostatic contribution to the excess
free energy (i.e, the electrostatic line tension) can be
obtained by using

G’ - Gy,
Ta =

To obtain the line tension, the bulk free energy of the
electrical double layer (G2) should be subtracted from G,
where G2 becomes from eq 15a

o €L po
Goo - ? 0 (galooz + q)Zooz) di

Then, the excess free energy in the present CC condition
becomes

(@) = g ﬁ)m{ sinh(An/2)

Pres’ COSN A0 + 201,090} — (P10” + %wz)} di

[ 2 h o+
cosh(47/2) sinh Tl P COSh Aa

After changing the variable as 4 = 2w and careful
manipulation of the formulas, the foregoing equation can
be rearranged as follows:

P2) Ma(00)
(24)

Tg(0) = 6((/)1002 + (Pzwz)Ml(a) B (2P

where M; = [g(tanh wa/tanh wa — 1) do and M, =
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Jo(tanh wa/sinh 2wa — 1) dw. Duplantier® has obtained
the excess free energy of the wedge-shaped singularity of
amembrane for both the CC and the CP cases (but having
identical charge density and potential for the two surfaces)
with a different approach. When ¢, = @2, the second
term vanishes and the line tension becomes 2e@1.2Mi (o),
which is consistent with Duplantier’s result for the present
case. It should be noted, however, that in most circum-
stances the surface charge density of the droplet—
substrate interface is different from that of the droplet—
air interface, as postulated in the present investigation.

The gradient of the line tension with respect to a (i.e.,
dte/00), which appears in the modified Young's equation
(eq 14), can be obtained from eq 24 as

oTer _ 2 g 0 20p
= P10 T P2 )M (@) F €(@100 — P200) My ()
(25)

o

where My = [Jw tanh wza/sinh? wa dw and M, = ({20
tanh wx/(sinh 2wa tanh 2wa) do.

It is noted that, when a = 7, My(0); that is, the line
tension becomes 0. This is reasonable considering that o
= and ¢@1. = @2, Mean the case of a flat electrical double
layer. As shown in Figures 5 and 6, the functions My, M,,
Mj', and M,' are positive for all values of o and monotoni-
cally increase as o.decreases. Eventually, all the functions
Mi, M, My, and M’ diverge as a— 0. This results because,
when a — 0, not only the electrostatic potential itself
increases near the TCL but also the area of the high
potential region is broadened. The physical consequence
of that can be described as follows:
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Consider a special case in which the two surfaces have

identical surface charge densities; that is, g1, = @2.. Then,
it becomes

7o = 26§0lm2M1((1)

o) o
a = —26§01m Ml ((1)
and thus
, . .0Tg 5
T+ fﬁ = 2e¢1,, (Mg — TMy)

Note that f is negative for a < & (see Figure 2) and both
M; and M;' are always positive; consequently, the above
equation is always positive for a < 7 (provided @10 = @20).
It follows, therefore, that the term in the bracket in the
modified Young's equation (eq 14) tends to oppose the
decrease of the contact angle. As aresult, the contact angles
predicted with considering the line-tension effect will give
higher values than those predicted without considering
the line-tension effect. The reduction of the contact angle
will increase the electrostatic potential near the TCL,
which necessitates (as explained earlier) the additional
increase of the free energy of the system by the external
work (see Figure 3c). In addition, the decrease of the
contact angle requires an extension of the contact line,
which also requires an additional increase of the free
energy as schematically shown in Figure 3d.

The divergence of M; and M;' as a — 0 literally means
that the perfect wetting of the liquid droplet is not possible
as a result of the line-tension effect. It is evidently not
true for the actual systems. In actual situations, the liquid
surface in close to the TCL will deform (due to the action
of the disjoining pressure) as the contact angle decreases,
as noted by de Gennes (see Figure 4b of ref 36).
Consequently, the validity of the straight-line assumption
for the liquid surface of the present investigation will be
degraded. At present, such large values of M; and M/’ (in
this special case of g1, = @2.) Should be interpreted as the
resisting role of the line tension to the reduction of the
contact angle with keeping the interface straight.

When a is smaller (greater) than z/2, M; is greater
(smaller) than M; for all a. Let us consider the case of
Mi(a), in which My(77/2) = My(7/2) = /,. Then, from eq 24,
the line tension becomes

To(l2) =

€ € 0,03
_((ploo2 + g02m2) - _((ploo - (pr)Z = E()Dloo¢2cx> = 2
2 2 ek

When o.=7/2, the sign of the line tension becomes positive
or negative depending on the signs of the surface charge.
Although the detailed condition of sign change is not
clearly shown here, it is evident that the line tension can
have either a positive or a negative value.

CP Case

In this case, the electrostatic potentials at the droplet—
substrate and the droplet—air interfaces are maintained
with constant values as ¢(r, 0) = ¢; and ¢(r, o) = @,. The
overall procedure to obtain the potential distribution and
the line tension is similar to the earlier CC case. The
resulting electrostatic potential and the line tension

(35) Duplantier, B. Phys. Rev. Lett. 1991, 66, 1555—1558.

(36) de Gennes, P. G. Rev. Mod. Phys. 1985, 57, 827—863.
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Figure 7. Solid line, Ny; dashed line, Ny'.

become (see appendix B)

CoSh(AmI2), _  Ginh 4(0 — a) +

@, sinh A6}K,,(xkr) di (26)

_2
2.0 =)o “sinh iat

(@) = e(@1” + @ INL (@) — (@, — ,)°Ny(0)  (27)

where N; = [J(1 — tanh wa/tanh wr) dw and N, = f¢(tanh
wm sinh 2wa) ™ dw.

The function N, diverges irrespective of a. So, the line
tension has a bounded value only when ¢; = ¢,.%” This
condition makes the second term in eq 27 vanish, and the
line tension becomes

% = 2e,°Ny(0) (28)

which is consistent with Duplantier’s result for the CP
case.® The gradient of the line tension with respect to o
can be obtained from eq 28 as

oty a
o —2e¢,"Ny'(a) (29)

where N;' = fgw(cosh? wa tanh wx) ™t dw.

As shown in Figure 7, the functions N; and N
monotonically increases as a decreases and always have
positive values. From eqgs 28 and 29, it becomes

at?
Ty + fa_OeLI = 269012(N1 = fN'y)

The function f is negative for oo < . Thus, in this case, the
line-tension term in the modified Young's equation is also
negative for a < 7. Like the CC case, this means that the
line tension has an opposing role to the reduction of the
contact angle for o < 7. The divergence of N; and N;' can
be understood in a fashion similar to those of the functions
M1, Mz, M;" and M;' of the CC case.

Note that, for o=, N;(a) = 0. Therefore, the line tension
becomes 0. This is reasonable considering that o =z and
@1 = @, also mean the case of a flat electrical double layer.

(37) Note that the line tension is proportional to the integral of the
induced (or excess) surface charge (see eqs 7 and 15b). The gradient of
electrostatic potential becomes extremely large near the TCL due to
the abrupt change of the electrostatic potential at the two surfaces.
This will induce a large magnitude of surface charge around the TCL.
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Figure8. Calculated line tension. Solid line is for the analytical
solution of the linear theory. Symbols indicate the numerical
results. Squares are for the linearized equation with So1/(ex) =
1. Triangles, diamonds, and circles are for the nonlinear
equation with Soi/(ex) = 1, 2, and 3, respectively.
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Figure 9. Sample calculation of the line tension for So1/(ex)
=1 (¢1. = 25.7 mV by the linear theory). Dotted, dashed, and
solid lines correspond to 7, fote/da, and 7e + faTa/da, respec-
tively.

Numerical Validation and Sample Calculation

For verification of the linear theory, the line tension is
obtained numerically for the CC case. To analyze the
electrostatic field, a numerical method based on the
calculus of variation is used. The details of the numerical
method are described in ref 17. After analyzing the
electrostatic field, the free energy can be calculated by
using eq 5 or its linearized version of eq 15a. The
calculation is performed for three dimensionless surface
charge densities of fo1/(ex) = fozl(ex) = 1, 2, and 3. The
conditions of Bo/(ex) =1, 2, and 3 correspond to the surface
potential values (¢1.) of 25.7, 51.4, and 77.1 mV, respec-
tively, for the linear theory. For the nonlinear theory,
they become 24.7, 45.3, and 61.4 mV, respectively.

The numerical results on the line tension of the
linearized Poisson—Boltzmann equation (squares in Fig-
ure 8) are compared with the linear theory of eq 24 (solid
line) for various contact angles. As shown in the figure,
the numerical results obtained by using the linearized
Poisson—Boltzmann equation agree with the analytical
result very well. For fo1/(ex) = 1, the nonlinear analysis
gives smaller 7, than the linear analysis for all contact
angles; for smaller contact angles, the deviation between
the linear and the nonlinear results becomes greater as
the contact angle decreases.

The results of the sample calculation for g, fore/oa,
and e + fate/da are shown in Figure 9. The case of rather
small surface charge (potential) of fo1/(ex) = Boal(ex) = 1



Electrostatic Contribution to Line Tension

(910 = @2 = 25.7 mV) is chosen, considering the validity
of the linear theory. For contact angles smaller than about
13°, the line tension itself is greater than 7 =2 x 107
N. When the contact angle is further decreased, z, sharply
increases in proportion to the surface potential value. The
surface potential normally has greater values than 25.7
mV.

According to the recent measurement of the molecular
contribution, 7 = 1.6 x 107! N for the decane droplet—
water—air system,* and 107 < ¢ < 107'° N for the
hexaethylene glycol droplet (surrounded by air) on asilicon
wafer where a thin line is printed by perfluorinated
alkylsilanes.?® It can be concluded, therefore, that the
magnitude of the electrostatic contribution is at least
comparable to the molecular contribution. For a higher
surface charge density, it can have potentially a much
greater value than that of the molecular contribution.

Conclusion

We obtained an analytical solution of the linearized
Poisson—Boltzmann equation around a wedge-shaped
geometry with respect to the constant surface charge and
the constant surface potential conditions, respectively.

Comprehensive analytical formulas of the line tension
and its gradient with respect to the contact angle for both
conditions are obtained in eqgs 24, 25, 28, and 29. In the
CP case, however, the line tension has a bounded value
only when the two surface potentials have the same values.
It is demonstrated that the line tension has either a
positive or anegative value for the CC condition depending
on the values of the surface charge density, while under
the CP condition it should always have a positive value.

The Poisson—Boltzmann equation is solved numerically
to verify the analytical results. Also, it is demonstrated
that the line tension has a magnitude comparable to that
of the molecular contribution. In the case of higher surface
potential or surface charge density, it can have a much
greater value than that of the molecular contribution.

We assume here that the droplet surface maintains the
straight profile. This assumption will lose its validity
especially for small contact angles. A more correct as-
sessment of the line-tension effect on the wetting problem
may require consideration for the interfacial deformation
(in afashion similar to the work by Denkov et al.),*¥ which
will be a subject to be pursued in the future investigation.
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Appendix A: Derivation of Equation 15

If we expand the cosine hyperbolic term in the free
energy of eq 5, by using the Taylor series, we obtain

G”= [Log dS =, [Le[|Vel* + ¢l dQ (A1)

Then, by using the linearized Poisson—Boltzmann equa-
tion of V2@ = «?@ and a vector identity of

Vi (¢Ve) = Vgl + ¢V (A2)
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eq Al becomes

G”= [Lop dS — 1, [LeV+(¢Vg) dQ (A3)

The volume integral in eq A3 can be transformed to the
surface integral by using the divergence theorem of

JoeVi(@Ve) dQ = [p(en-Vg) dS = [op dS (A4)

Then, it becomes eq 15a, as follows:

G’ = [ogdS —"1, [op dS =", [op dS (A5)

For the CP case, the first term in egs Al and A5 is canceled
by the chemical contribution Ggnem, Which is omitted in
G7; therefore, we obtain eq 15b.

Appendix B: Electrostatic Potential and Line
Tension for the CP Case

Electrostatic Potential. For the time being, we take
arbitrary values for the surface potentials of ¢; and ¢,
respectively. The CP boundary conditions at both inter-
faces are written as

o(r, 0) = ¢, (Bla)
o(r, @) = ¢, (B1b)

The following relation holds for the integral of the
modified Bessel function Kj;(«r) (see appendix C):

oK (kT
f m( ) r:l_ 1 (BZ)
o r 2/ sinh(Az/2)
By using egs 19a and B2, the boundary conditions in eqs
Bla and B1b are transformed respectively as

o _ T P
¢0. =57 sinhGr2) (B32)
P )=L—" (B3b)

24 sinh(Z2/2)

The solution of eq 20 can be written in the form of @(0,
A) = Bi1(4) sinh (0 — a) + By(4) sinh 0. The unknown
coefficients B1(1) and B(1) are determined by using the
transformed boundary conditions in eq B3 as B;(1) =
—[ma/(22))/[sinh Aacsinh(Ar/2)] and By(4) = [,/ (24)]/[sinh
Aasinh(A7/2)], respectively. The resulting solution in 1
space becomes

JT f . B .
22 sinh Ao sinh(17/2)" @, Sinh A6 — o)

@0, 2) =
@, sinh 16}

Applying the inverse Kantorovich—Lebedev transform to
the foregoing equation, one obtains the following solution

_ 2 pecosh(@n2), _
o(r, 0)—n 0 sinhia{ @, Sinh (60 — a) +

@, sinh A6} K,, (k) dA (B4)

Line Tension. If we rewrite the free energy for the CP
case (eq 15b), it becomes
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L{ e g1, 0) o I dep(r, Ot)dr}
2

o
G 2¢0r or or or

Substituting eq B4 into the foregoing equation, we obtain

o _ €L wA COSh(An/2)
G {galﬂ) o sinh dq 1~ %1 cosh Ao+
.,1( r 3 w cosh(As/2)
2} drdl — o, [0 fs —sinh 2q 1%t
@, cosh Ao} ——— ”( L drdi}

By using eq B2, it can be shown without difficulty that the
foregoing relation becomes

oY = 6|_ cosh(An/2)
2. S|nh(/17z/2) sinh o'

q)z cosh Ao + 2¢1¢2}} di

{—¢,% cosh o —

The bulk free energy of the electrical double layer [G? =

(—€L/2) (912 + @2?) dA] is subtracted to obtain the excess
free energy. Then, the line tension in the present case

(zh = [G? — GZ]/L) becomes

€ cosh(Ax/2)
Tgi(0) 2./(; {s|nh(/'Lyt/2) sinh Aa"

@,° cosh o+ 2¢,¢,} + (¢,> + §022)} di

{—¢,% cosh o —

After changing the variable as 1 = 2w and careful
manipulation of the formulas, the foregoing equation can
be rearranged as follows:

() = e(@,” + @, INL (@) — €@ — @,)°Ny(a)  (B5)

Kang et al.

where N; = [3(1 — tanh wa/tanh wx) dw and N, = /5 (tanh
walsinh 2wo) ™! dw.
Appendix C: Derivation of Equation B2

The modified Bessel function Kj,;(«r) can be rewritten
as (ref 33, eq 9.6.22)

_T(ia+ ,)@2r)*
Kipkr) = A2 2.1

cos «t
J:) (t + rz)i/1+(1/2)

where T represents the gamma function. Because
SorA (L + r2)itl2 dr = Y,[T(iA/2) T(IA/2 + Y)JT (A + )
(ref 34, eq 3.251.2), it becomes

K, (kT) 2UTIN(iA2) T(iA12 + 11,)

</(‘) r dr = 12 id

T K

0COS Kt
f t|/1+1

By using T'(iA/2) T(iA + ;) = x%22-0-D1(i)) (ref 33, eq
6.1.18), the foregoing equation is changed to

_T ('/1) foocos it

th—l

f m("r)
0

Joc0s kt/t* 1 dt = —sc/[2i sinh(Az/2)['(iA + 1)] (ref 34, eq
3.761.9) and T'(iA + 1) = iAI'(i1) (ref 33, eq 6.1.15), and,
thus, it becomes

fwKu(Kr) p= 1
U 22 sinh(A7/2)
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