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Bernoulli Distribution

v

Distribution for a single binary random variable x € {0,1}.

v

A special case of the binomial distribution for the case of a single
observation.

v

Governed by a single continuous parameter p € [0, 1] that represents
the probability of x = 1:

Bern(x|p) = p*(1 — p)' .

» Conjugate prior for u is the beta distribution.
» Key statistics are given by
E{x} = wu
var{x} = p(l—p),
H(x) = —plogpu— (1 — p)log[l — u].

Outline

» Summarize the main properties of some of the widely-used
probability distributions.

» Taken from Appendix B in Bishop's PRML.

Bernoulli Distribution (Cont'd)

B{x} = Y xp(x)

= 0-p(x=0)+1-p(x=1)

var(x) = E{x*} —p?
= 0-p(x=0)+1-p(x=1)—p’
= p(l—p)
H(x) = E{—logp(x)}

= —p(x=0)logp(x =0) — p(x =1)log p(x = 1)
= —plogp—(1— p)log(l— p).
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Binomial Distribution

» The probability of observing m occurrences of x =1 in a set of N

samples from a Bernoulli distribution, where the probability of

observing x = 1is p € [0,1]:

)‘m‘(/\;vlm)'

H _ N m N—m N
Bin(ml. ) = (0) =0 ()
» Key statistics are given by
E{m} = Nuy,
var{m} = Nu(l — p).

Multinomial Distribution

> A multivariate generalization of binomial distribution, which gives
the distribution over counts m; for a K-state discrete variable to be

in state / given a total number of observations N:

Mult(ml, mo, ..., mK|u, N) = (

N

K

m

I1n"
mymy---mMg/ - 1
J:

where

N N!
mymy--- Mg m1'm2'mK'

» Key statistics are given by

E{mj} = Ny,

var{m;} = Npy(1— ),
cov{imim;j} = —Npjp;.

Generalization of Bernoulli

Distribution

> We generalize the Bernoulli distribution to an K-dimensional binary
random vector x with components x; € {0, 1} such that 3. x; = 1:

K
p(x) =[] w7
j=1

» Key statistics are given by

E{x}
var{x;}

cov{xx; }

H(x)

Beta Distribution

= Hj
= pi(l— ),

K
= =) pjlogu,.
j=1

» A distribution over a continuous variable ;. € [0, 1], which is often
used to represent the probability for some binary event.

» Governed by two parameters

a>0and b>0:

MNa+b) ,_ -
Beta(u|a, b) = rga)r(b;“ Y1 — )Pt
» Key statistics are given by
a
Euy = o4
b
var{u} -

(a+b)2(a+b+1)
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Beta Distribution (Cont'd)
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Compute the mean in the beta

1
E{u} = /0 pp(p)dp

» Density is finite if a > 1 and

b > 1, otherwise there is a
singularity at © = 0 and/or
w=1

Reduces to a uniform
distribution for a = b = 1.

The beta distribution is the
conjugate prior for the
Bernoulli distribution, for
which a and b can be
interpreted as the effective
prior number of observations
of x=1and x =0,
respectively.

1 ! a b—1
= M/Oﬂ(l—ﬂ) dp

B(a, b)

B(a+1,b)

Ma+1)r(b)r(a+ b)

Ma+b+1)I(a)l(b)

al(a)l(b)

M(a+ b)

(a+ b)I(a+ b)T(a)l(b)

a
a+b’
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Beta and Gamma Functions

» Beta function is defined by

B(a, b)

- FEZ)EL(I[X _/0 2711 — t)Ptdt.

» Gamma function is defined by

which satisfies ['(x + 1) = x['(x) and ['(n + 1) = n! for natural

numbers n.

r(x):/ " le tdt
0

Compute E{y?} in the beta

E{p?}

/0 1 p2p(p)dp

1 ! a+1 b—1
B(a,b)/o p (1= p)" dp
B(a+2,b)
B(a, b)
Ma+2)f(b)F(a+b)
MNa+ b+2)I(a)(b)
(a+1)al(a)l(b) M(a+ b)

(a+b+1)(a+ b)(a+ b) (a)l(b)
a(a+1)
(a+b+1)(a+b)




Dirichlet Distribution Dirichlet Distribution (Cont'd)

> A multivariate distribution over K random variables 0 < p; <1,

where j = 1,..., K, subject to sum-to-one constraint Zszl pj = 1.
» Governed by K parameters o = [ag, . .. 7aK]T (cj > 0 for » Conjugate prior for the multinomial distribution and a generalization
j=1...,K): of the beta distribution.
p > Parameters o can be interpreted as effective numbers of
, 1 -1 observations of the corresponding values of the K-dimensional binary
Dir(plex) = = ———— [ .
B(ag,...,ak) N J observation vector x.
j:

> As with the beta distribution, the Dirichlet has the finite density
where everywhere, provided «; > 1 for all j.

o) T(ak)
T a4+ ak)’

B(aq,...,ak) = B(a)
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Dirichlet Distribution (Cont'd) Gamma Distribution
Key statistics are given by
o » A probability distribution over a positive random variable 7 > 0
E{u} = B governed by parameters a > 0 and b > 0:
a;(@ — o)
vary j = 5= 1
{as} a’(a+1) Gam(7|a, b) = ——b?m? te b7,
cov{uipj} = aicy Ma)
R T CEE » Kev statisti en b
~ ey statistics are given
Eflogr} = w(oj) — (@), ’ shen
K a
~ ]E{T} =
Hip) = =) (aj—1){d(ay) — (@)} + log B(c), b
J=1 var{t} = L
where E{logT} = (a)—logh,
8 = ajte+ax H(t) = logl(a)—(a—1)y(a) —logb+ a.

d
P(x) = . logM(x), (digamma function).
x

15/25 16 /25



Gamma Distribution (Cont'd)

—a=2,b=8
= a=0.7,b=1

> Density is everywhere finite for
a>1.

» Reduces to a exponential

distribution for a = 1.

» The gamma distribution is the

conjugate prior for the

precision (inverse variance) of

a univariate Gaussian.

Multivariate Gaussian Distribution

> For a m-dimensional vector x € R™, the Gaussian is governed by a
mean vector i € R™ and a covariance matrix X € R™*™ that must

be symmetric and positive-definite:

N(x|p, X) =

1

- e
(2m)2 |Z|2

1

Xp{;(x

WTE )}

» The inverse of the covariance matrix A = X
precision matrix which is also symmetric and positive definite.

» The entropy of x is given by

H(x) =

1
Iog ||+ = (1

~1is referred to be as

+ log 27) .

Univariate Gaussian Distribution

Distribution for continuous variables x € (—00, 00), governed by two

parameters y and o2 > 0:

o e r).

» Conjugate prior for p is the
Gaussian distribution.

» Conjugate prior for 7 = 1/0?
is the Gamma distribution.

» Joint conjugate prior for both
unknown g and 7 is the
Gaussian-gamma distribution.

1
N(x|u, 02) =
T2
6
J
i
o
J
|
91 -0.5 6 0.5 1
17 / 2!
Gaussian Identities
T T T

» Suppose that x = [x, ,

» Marginal distributions are x,

» Conditional distributions are:

is jointly Gaussian,

M, T Tu
Ndﬂb}’[zjb beD

M, Aaa Aab -
N([#b}’{’\; /\bb] )

~ N(Ha, zaa) y Xp ™~ N(Hb, be) .

p(xa|xp) = N (Na + Zabngl(xb — Mp)y Xaa — zabz;blzaTt))

Hp —

19/25

( - A Aab(xb - /J‘b) Aaa ) )
p(xb |Xa) = (Nb + zabzaa Xa — Na)v zbb - z;rbz;:lzab)

bblAab(xa Ha)? Al:b1> :
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Matrix Identities More Gaussian ldentities

We have a marginal Gaussian distribution for x and a conditional

Matrix inversion lemma Gaussian distribution for y given x in the form

A+BD!C)'=AT'-A'B(D+CA!B)ICAL -
(A+ ) (D+ ) p(x) = N (x|p, A7),
» Inverse of partitioned matrix p(ylx) = N (y|Ax+b, L_l) .
P Q a1 _| P Q
A= R S |’ A= R S |’ Then the marginal distribution of y and the conditional distribution of x

given y, are given by

where sub-matrices are given by L T
py) = N (ylAu+b L7 +ANTAT),

P = P '4+P!QMRP, .
8 - _p-iQm plylx) = N (x®{ATLy—b)+Auf.®).
R = —-MRP}
S = M, where
M = (S—RP'Q).
(8 ) ®=(N+ATLA)L
Wishart Distribution Wishart Distribution (Cont'd)

» Conjugate prior for the precision matrix of a multivariate Gaussian:

W(AW, v) = B(W, v)|A|"=m"1/2 exp {;tr (W_ll\)} : Key statistics are given by
E{A} = vW,
where the normalization factor is given by m pl—i
B E{log|\|} = Z¢<2> + mlog2 + log W],
—v/2 vm/2 mm—12m v+1—i =1
BW.v) = W] /(2 o )/Hr(z)) , )om_1 "
i H(N) = —log B(W,») — “— == {log|Al} + 2,

2
and the parameter v is called the number of degrees of freedom of
the distribution and is restricted to ¥ > m — 1 to ensure the Gamma
function in the normalization factor is well-defined.

where ¢(+) is the digamma function.

» In one dimension, the Wishart reduces to the Gamma distribution
Gam(\|a, b) with parameters a =v/2 and b=1/2W.
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Gaussian-Wishart Distribution

» Conjugate prior for a multivariate Gaussian A/(x|, A1) in which
both the mean p and the precision A are unknown.

» Comprises the product of Gaussian distribution for p, whose
precision is proportional to A and a Wishart distribution over A:

Pt Nttg, B, W, v) = N (paltag, (BR) ™) WIAIW, v).

» For the particular case of a scalar x, it is equivalent to the
Gaussian-gamma distribution:

Pl Muo. B,2,b) = N (puluo, (8X) ) Gam(]a, b).
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