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ABSTRACT

Multiclass classification problems are often decomposed into multi-
ple binary problems that are solved by individual binary classifiers
whose results are integrated into a final answer. We present aconvex
optimization-based method for aggregating results of binary classi-
fiers in an optimal way to estimate class membership probabilities.
We model the class membership probability as a softmax function
whose input argument is a conic combination of discrepancies in-
duced by individual binary classifiers. With this model, we formu-
late theℓ1-regularized maximum likelihood estimation as a convex
optimization that is solved by geometric programming. Numerical
experiments on several UCI datasets demonstrate the high perfor-
mance of our method, compared to existing methods.

Index Terms— Classifier aggregation, geometric programming,
multiclass classification.

1. INTRODUCTION

Multiclass classification is an important supervised learning prob-
lem, the goal of which is to assign data points to a finite set ofK
classes. The most common approach to multiclass problem is to de-
compose it into multiple binary problems that are solved by individ-
ual binary classifiers whose results are integrated into a final answer.
Reducing multiclass problems to multiple binary problems can be
viewed asencoding, in which several methods are widely used, in-
cluding all-pairs (APs), one-versus-all (OVA), and error correcting
output code (ECOC) [1]. Aggregation involves combining predic-
tion results determined by binary classifiers into a final answer to
the multiclass problem. Aggregation methods can be categorized
into two types:hard decodingandprobabilistic decoding.

In hard decoding, one seeks a codeword which best matches a
collection of labels predicted by binary classifiers, in order to de-
termine a proper label for datax. Hamming distance is often used
as a discrepancy measure between a codeword and predicted labels,
in the case where individual binary classifiers yield binaryoutputs.
Various loss functions (such as exponential loss and logistic loss) are
considered in [2], in the case where binary classifiers yielda score
whose magnitude is a measure of confidence in the prediction.This
is referred to beloss-based decoding[2].

In probabilistic decoding, we are given probability estimates
(scores over [0,1]) computed by binary classifiers. One couples these
probability estimates to determine a set of class membership prob-
abilities. In the case of APs, Hastie and Tibshirani [3] developed
a method,pairwise coupling, in which pairwise class membership
probability estimates are combined to form a joint probability esti-
mates for allK classes, fitting the Bradley-Terry model [4] by min-
imizing a KL-divergence criterion. This was extended for arbitrary

code matrix (OVA and ECOC in addition to APs) [5], where a gener-
alized Bradley-Terry model [6] was considered to relate probability
estimates obtained by binary classifiers to class membership prob-
ability estimates. Aggregation weights were assigned to individual
binary classifiers and were optimally tuned based on observed data
[7]. Both aggregation weights and class membership probabilities
are treated as parameters, which requires high dimensionaloptimiza-
tion as the number of classes or the number of data points grows.
Moreover, the high dimensional optimization often yields an overfit-
ting problem, which causes the degradation of overall classification
accuracy.

Most of existing methods in probabilistic decoding treat class
membership probabilities as parameters, which are estimated us-
ing a model which relate them to probability estimates obtained by
binary classifiers. In contrast, we directly model class member-
ship probabilities as a softmax function whose input argument is a
conic combination of discrepancies induced by binary classifiers. In
this way, aggregation weights are only parameters to be tuned and
have affect on a joint probability estimates for allK classes. Class
membership probabilities are evaluated using the softmax function,
given probability estimates computed by binary classifiers. With this
model, we formulate maximum likelihood estimation withℓ1 regu-
larization for aggregation weights, as a convex optimization that is
solved by geometric programming. Numerical experiments onsev-
eral UCI datasets demonstrate the high performance of our method,
compared to loss-based decoding [2] and an exiting optimal aggre-
gation method [7].

2. PRELIMINARIES

We are givenN training examples{(xi, yi)}
N
i=1, wherexi are data

vectors andyi ∈ K = {1, . . . ,K} (K ≥ 3) are class labels asso-
ciated withxi. Multiclass prediction involves estimating theclass
membership probabilitiesof xi,

Pk,i , p(yi = k |xi),

for k = 1, . . . ,K such that a proper class label forxi is de-
termined byargmaxk Pk,i. The class probability matrixP =
[p1, . . . ,pN ] ∈ R

K×N is comprised ofPk,i for k = 1, . . . ,K and
i = 1, . . . , N . Data matrix and class label vector are defined as
X = [x1, . . . ,xN ] andy = [y1, ..., yN ]⊤, respectively.

Multiclass problems are decomposed into a set of binary prob-
lems that are solved by individual binary classifiers. Such decom-
position can be viewed asencodingand various methods are widely
used:

• A set ofK binary functions are learned, each of which dis-
criminates one class from the other classes, referred to asone-
versus-all(OVA).



• A set of K(K−1)
2

binary classifiers are learned, each of which
distinguishes each pair of classes, referred to asall-pairs
(APs).

• Error correcting output coding (ECOC) assigns a binary code-
word to each class such that Hamming distances between
codewords are maximized (to increase the separability) and
the length of codewords determines the number of binary
functions to be learned.

Aforementioned encoding methods are represented by acoding
matrix C = [Cj,k] ∈ R

M×K whereM is the number of binary
classifiers involved andK is the number of class labels. For instance,
Table 1 shows the3 × 3 coding matrix for a 3-class problem in the
case of APs coding. Each column in the coding matrixC, denoted
by ci, corresponds tocodeword. Each row is a binary problem to be
solved by a binary classifier (BCi). For instance,BC2 discriminates
class 2 from class 3, while samples in class 1 is not used.

Table 1. Coding matrix in the case of APs for 3-class problem is
shown, whereBCi denote binary classifiers, 1 and 0 represent posi-
tive and the negative class labels, and△ indicates unused class label
(don’t care terms).

class 1 class 2 class 3
BC1 1 0 △
BC2 △ 1 0
BC3 1 △ 0

Given the coding matrixC, the jth binary classifier is trained
using examples{(xi, Cj,yi)}, where binary values of target are de-
termined by the coding matrix. For instance, in the case of the 2nd
binary classifier in Table 1, the binary target value forxi isC2,2 = 1
whenxi belongs to ’class 2’ and isC2,3 = 0 if xi belongs to ’class
3’.

Suppose that each binary classifier yields a probabilistic predic-
tion, the value of which ranges between 0 and 1. For example, we
can use probabilistic SVM [8]. Givenxi, we define the probabil-
ity estimate of thejth binary classifier asQj,i, leading to binary
classifier output matrixQ = [q1, . . . , qN ] ∈ R

M×N . The task of
multiclass problem is to estimate class membership probabilities pi

using a collection of binary classifiers’ probability estimates,qi.

3. GEOMETRIC PROGRAMMING FOR OPTIMAL
AGGREGATION

In this section we present how we integrate the results of individual
binary classifiers in multiclass problem. Especially we show that an
optimal aggregation of binary classifiers is formulated as aconvex
optimization problem that is solved by geometric programming.

3.1. Aggregation of Binary Classifiers

In order to predict the appropriate class label ofxi, we need to eval-
uate which codewordck is closest toqi (a collection of prediction
results of binary classifiers, given dataxi) in the sense of a pre-
specified discrepancy measure. We define this discrepancyρ(ck, qi)
as a conic combination ofM discrepancies induced by binary clas-
sifiers:

ρ(ck, qi) =
M∑

j=1

wj d(Cj,k, Qj,i), (1)

where

d(Cj,k, Qj,i) = −Cj,k logQj,i − (1− Cj,k) log(1−Qj,i), (2)

is thecross-entropyerror function for two classes where the model
probability for membership of one class isQj,i and the correspond-
ing true probability isCj,k, while the model probability for mem-
bership of the other class is1 − Qj,i and the corresponding true
probability is1 − Cj,k. Coefficientswj ≥ 0 for j = 1, . . . ,M are
aggregation weights. In the case ofCj,k = △, we do not care what
a probability estimate of the corresponding binary classifier yields,
so we setd(△, Qj,i) = 0.

Note that the discrepancy measure is not confined to the cross-
entropy only. Our method holds for any proper loss function.For
instance, we can also choose the exponential loss function that was
used in loss-based decoding [2]

de(Cj,k, Qj,i) = exp
{
−C̃j,k(Qj,i − 1/2)

}
, (3)

whereC̃j,k=1,-1, or 0, whenCj,k=1, 0, or△, respectively.
Denote byw ∈ R

M the aggregation weight vector. Given input
xi and the correspondingqi (the probability estimates ofM binary
classifiers), we make use of the softmax function to model theclass
membership probability:

P (yi = k |w,xi) =
exp {−ρ(ck, qi)}∑K

j=1 exp {−ρ(cj , qi)}
, (4)

whereρ(ck, qi) is given in (1). Note that in the case where a class
label forxi is chosen byargmaxk P (yi = k |w,xi) with w1 =
· · · = wM = 1 and the exponential loss (3) is chosen, our method
produces the identical prediction to the loss-based decoding [2]. In
other words, our method can be viewed as a probabilistic extension
of the loss-based decoding, in which aggregation weights are opti-
mally tuned using a convex optimization method.

We re-arrange the class membership probability (4) by multiply-
ing its numerator and denominator byexp {ρ(ck, qi)}:

P (yi = k |w,xi) =
exp {− (ρ(ck, qi)− ρ(ck, qi))}∑K

j=1 exp {− (ρ(cj , qi)− ρ(ck, qi))}

=
1

∑K

j=1 exp
{
−w⊤ϕ

j,k
i

} , (5)

where the 2nd equality is derived by taking (1) into account and
ϕ

j,k
i ∈ R

M areM -dimensional vectors, thelth entry of which is
given by

[ϕj,k
i ]l = d(Cl,j , Ql,i)− d(Cl,k, Ql,i). (6)

With these relations (5) and (6), we write the likelihood as

p(y|w,X) =

N∏

i=1

K∏

k=1


 1
∑K

j=1 exp
{
−w⊤ϕ

j,k
i

}




δ(k,yi)

, (7)

whereδ(k, yi) is Kronecker delta which equals 1 ifyi = k and
otherwise 0. We estimate aggregation weightsw by minimizing the
objective function which negative log-likelihood regularized by ℓ1
norm of weight vectorw:

J = − log p(y|w,X) + λ
M∑

j=1

|wj |

=
N∑

i=1

log

(
K∑

j=1

exp
{
−w

⊤
ϕ

j,yi
i

})
+ λ

⊤
w + const,(8)



subject to the constraintswj ≥ 0 for j = 1, . . . ,M andλ =
[λ, . . . , λ]⊤ ∈ R

M . The objective function (8) and constraintswj ≥
0 for j = 1, . . . ,M are convex, so the formulation becomes a con-
vex optimization problem in which a global solution can be found.
We solve this constrained convex optimization problem by convert-
ing it into an equivalent geometric programming, which is explained
in Section 3.2.

3.2. Geometric Programming

Geometric program is an optimization problem characterized by ob-
jective function and constraint functions which have a special form
involving posynomials and monomials [9]. The original geometric
program is in posynomial1 form but can be easily transformed to
the geometric program in convex form [9, 10]. We first presenta
geometric program in convex form, which is equivalent to ourprob-
lem (8). The corresponding geometric program in posynomialform
is subsequently described, which is suited to the availablesoftware
’Mosek’ [11] that was used in this paper.

We first re-write (8), leaving out the constant term, as

J =

N∑

i=1

hi(w) + h0(w), (9)

where

h0(w) = λ
⊤
w,

hi(w) = log

(
K∑

j=1

exp
{
−w

⊤
ϕ

j,yi
i

})
, for i = 1, . . . , N,

with the constraintswj ≥ 0 for j = 1, . . . ,M . Then we introduce
variablesz = [z0, z1, . . . , zN ]⊤, each of whichzi is an upper-bound
on the correspondinghi(w), to write the geometric program in con-
vex form which is equivalent to the minimization of (9):

minimize
N∑

i=0

zi

subject to h0(w)− z0 ≤ 0,

hi(w)− zi ≤ 0, i = 1, . . . , N,

wj ≥ 0, j = 1, . . . ,M. (10)

It is a convex problem in(w,z) because the objective is linear
and the constraint functions{hi(w) − zi} are convex in(w,z).
The equivalence between two convex problems (9) and (10) is
summarized in Theorem 1, which can proved easily by proof-by-
contradiction.

Theorem 1 Suppose that(w∗,z∗) is optimal for (10) andw∗∗

is optimal for (9). Thenw∗ = w∗∗ and z∗i = hi(w
∗∗) for

i = 0, 1, . . . , N .

Then we transform the geometric program in convex form (10)
to the standard form of geometric program, referred to be as the ge-
ometric program in posynomial form. To this end, we transform
the objective and the constraint functions, by taking the exponential

function, leading us to considerexp
{∑N

i=0 zi
}

andexp {hi(w)}

for i = 0, 1, . . . , N . Then, the change of variables, i.e.,aj =

1Posynomial is a sum of monomials and the exponents of a monomial can
be any real numbers, whereas the exponents must be nonnegative integers in
the case of polynomial.

exp{wj} andsi = exp{zi}, turns the exponential of an affine func-
tion into a monomial function

M∏

l=1

a
−[ϕj,yi

i
]l

l = exp
{
−w

⊤
ϕ

j,yi
i

}
,

N∏

i=0

si = exp

{
N∑

i=0

zi

}
.

With this change of variables and the transformation of objective
and constraint functions, the geometric program in posynomial form,
which corresponds to (10), is given by

minimize
N∏

i=0

si

subject to s−1
0

M∏

l=1

aλ
l ≤ 1,

s−1
i

K∑

j=1

( M∏

l=1

a
−[ϕj,yi

i
]l

l

)
≤ 1, i = 1, . . . , N,

a−1
l ≤ 1, l = 1, . . . ,M. (11)

Note that the transformation between two geometric programms,
(10) and (11), just changes the form of the objective and constraint
functions. They solve the same problems and the problem datafor
them are the same [9]. The optimal solutionw∗ is determined by a
change of variables,w∗ = log a∗, wherea∗ is optimal for (11).

4. NUMERICAL EXPERIMENTS

We used 7 UCI datasets [12] to evaluate the performance of our
method, compared to the loss-based decoding [2] and WMAP [7]
for three different encodings (APs, OVA, ECOC). In the case of
loss-based decoding, we used the exponential loss function(3). For
WMAP, user parameters were manually set, choosing the values
yielding the best performance after several trials were made. In our
algorithm, we setλ = 0.1. Data descriptions are summarized in Ta-
ble 2. Datasets are pre-processed such that all attributes are normal-
ized to have unit variance, in order for attributes to residein similar
dynamic ranges. Only for ’isolet’ dataset, we applied PCA toreduce
the dimension down to 30.

Linear SVM was used as binary classifiers. In order to convert
classifiers’ scores into probabilities, we employed the thesigmoid
model, as used in [8], in which binary classifier’s probability esti-
mate is computed byQj,i =

1

1+exp{−Afj(xi)+B}
, wherefj is the

function learned by thejth SVM andA,B ∈ R are parameters that
are tuned, following the method in [8].

Table 2. Data description.
# samples # attributes # classes

glass 214 9 7
satimage 6435 36 7

yeast 1484 8 10
pendigits 10992 16 10

vowel 990 10 11
isolet 7797 617 26
letter 20000 16 26



In the case of ECOC, the size of coding matrix becomes very
large forK ≥ 8, if the complete code is adopted. We used the com-
plete code forK < 8, yieldingM = 2K−1 − 1 binary classifiers
and generating a binary coding matrix without don’t care terms (△).
ForK ≥ 8 we generated a spare random coding matrix as in [2], in
whichM = ⌈15 log2 K⌉, and entries of the coding matrix are cho-
sen as△ with probability 1/2 and0 or 1 with probability 1/4 for
each. Table 3 summarizes the 10-fold cross-validated classification
accuracy for three different methods, including loss-based decoding,
WMAP, and our method. Our method shows the highest classifica-
tion accuracy across most of cases. In these experiments, weused
linear SVM for binary classifiers: LibSVM [13] for small-scale data
sets{glass, yeast, vowel}, and Liblinear [14] for other datasets.

Table 3. Comparison of classification accuracy for three methods
(loss-based decoding, WMAP, and our method), in which results are
10-fold cross-validated accuracy and the number in parenthesis rep-
resents the standard deviation.

Loss [2] WMAP [7] Our method

glass
APs 0.662(0.104) 0.648(0.115) 0.671(0.096)
OVA 0.619(0.159) 0.619(0.131) 0.629(0.152)

ECOC 0.610(0.107) 0.614(0.113) 0.657(0.131)
sat- APs 0.862(0.013) 0.861(0.016) 0.863(0.013)

image OVA 0.770(0.014) 0.770(0.014) 0.810(0.010)
ECOC 0.813(0.015) 0.812(0.015) 0.852(0.012)

yeast
APs 0.589(0.045) 0.588(0.047) 0.595(0.043)
OVA 0.553(0.035) 0.553(0.035) 0.555(0.042)

ECOC 0.520(0.052) 0.596(0.030) 0.607(0.021)
pen- APs 0.972(0.005) 0.971(0.005) 0.973(0.005)
digits OVA 0.848(0.007) 0.848(0.007) 0.867(0.006)

ECOC 0.912(0.007) 0.912(0.005) 0.943(0.009)

vowel
APs 0.799(0.025) 0.783(0.035) 0.805(0.025)
OVA 0.453(0.057) 0.453(0.057) 0.478(0.067)

ECOC 0.526(0.048) 0.571(0.065) 0.658(0.041)

isolet
APs 0.939(0.010) 0.938(0.011) 0.939(0.010)
OVA 0.780(0.009) 0.780(0.009) 0.862(0.011)

ECOC 0.829(0.033) 0.853(0.015) 0.875(0.015)

letter
APs 0.818(0.005) 0.814(0.006) 0.830(0.004)
OVA 0.534(0.014) 0.534(0.014) 0.651(0.009)

ECOC 0.558(0.022) 0.567(0.028) 0.611(0.028)

5. CONCLUSIONS

We have presented a method for optimal aggregation of the binary
classifiers to solve muticlass classification problems. In contrast to
most of existing probabilistic decoding methods, we directly mod-
eled the class membership probability as the softmax function whose
input argument is the conic combination of discrepancies induced by
binary classifiers. With this model, we formulated maximum likeli-
hood estimation withℓ1 regularization for the aggregation weights,
as the convex optimization that was solved by geometric program-
ming. Compared to WMAP where both aggregation weights and
class membership probabilities are optimized, our method is more
efficient in the sense that: (1) parameters to be tuned are only the
aggregation weights; (2) geometric programming formulation yields
the global solution; (3) class membership probabilities for test data
is easily evaluated without further optimizations. In contrast to our

recent Bayesian aggregation [15], the proposed method is based on
convex aggregation, which is free from local minima problems.
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