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ABSTRACT

Multiclass classification problems are often decomposgmrinulti-
ple binary problems that are solved by individual binaryssifiers
whose results are integrated into a final answer. We pressmeex
optimization-based method for aggregating results ofrgictassi-
fiers in an optimal way to estimate class membership protiabil
We model the class membership probability as a softmax ifumct
whose input argument is a conic combination of discrepanicie
duced by individual binary classifiers. With this model, veenfiu-

code matrix (OVA and ECOC in addition to APs) [5], where a gene
alized Bradley-Terry model [6] was considered to relatéophility
estimates obtained by binary classifiers to class memigepsbb-
ability estimates. Aggregation weights were assigned dividual
binary classifiers and were optimally tuned based on obdetaéa
[7]. Both aggregation weights and class membership prébebi
are treated as parameters, which requires high dimengptiaiiza-
tion as the number of classes or the number of data pointssgrow
Moreover, the high dimensional optimization often yieldsoaerfit-
ting problem, which causes the degradation of overall dlaaton

late the,-regularized maximum likelihood estimation as a convexaccuracy.

optimization that is solved by geometric programming. Nrtioz
experiments on several UCI datasets demonstrate the higbrpe
mance of our method, compared to existing methods.

Most of existing methods in probabilistic decoding treatss|
membership probabilities as parameters, which are estinas-
ing a model which relate them to probability estimates oiatdiby

Index Terms— Classifier aggregation, geometric programming, Pinary classifiers. In contrast, we directly model class iem

multiclass classification.

1. INTRODUCTION

Multiclass classification is an important supervised leayrprob-
lem, the goal of which is to assign data points to a finite sekof
classes. The most common approach to multiclass probleordis-t
compose it into multiple binary problems that are solvedraiid-
ual binary classifiers whose results are integrated intoehdimswer.
Reducing multiclass problems to multiple binary probleras be

viewed asencoding in which several methods are widely used, in-

cluding all-pairs (APs), one-versus-all (OVA), and errorrecting
output code (ECOC) [1]. Aggregation involves combiningdace
tion results determined by binary classifiers into a finamasto
the multiclass problem. Aggregation methods can be cazggbr
into two types:hard decodingandprobabilistic decoding

ship probabilities as a softmax function whose input argunie a
conic combination of discrepancies induced by binary diass. In
this way, aggregation weights are only parameters to bedtand
have affect on a joint probability estimates for &ll classes. Class
membership probabilities are evaluated using the softmagtion,
given probability estimates computed by binary classifié/ih this
model, we formulate maximum likelihood estimation withregu-
larization for aggregation weights, as a convex optimarathat is
solved by geometric programming. Numerical experimentsen
eral UCI datasets demonstrate the high performance of otirade
compared to loss-based decoding [2] and an exiting optigngtlea
gation method [7].

2. PRELIMINARIES

We are given\ training exampleg (x;, y:) }i,, Wherez; are data
vectors andy; € K = {1,..., K} (K > 3) are class labels asso-

In hard decoding, one seeks a codeword which best matchescfated witha;. Multiclass prediction involves estimating tictass

collection of labels predicted by binary classifiers, inartb de-
termine a proper label for data. Hamming distance is often used
as a discrepancy measure between a codeword and predictdsl la
in the case where individual binary classifiers yield binamyputs.
Various loss functions (such as exponential loss and liedgs) are
considered in [2], in the case where binary classifiers yéettore
whose magnitude is a measure of confidence in the predicTiois.
is referred to béoss-based decodin@].

In probabilistic decoding, we are given probability estiema
(scores over [0,1]) computed by binary classifiers. One lesupese
probability estimates to determine a set of class memhesiob-
abilities. In the case of APs, Hastie and Tibshirani [3] deped
a method,pairwise coupling in which pairwise class membership
probability estimates are combined to form a joint probgb#sti-
mates for allK classes, fitting the Bradley-Terry model [4] by min-
imizing a KL-divergence criterion. This was extended fdoittary

membership probabilitiesf x;,
Pri = ply: = k| i),

for k = 1,..., K such that a proper class label fer; is de-
termined byarg max, P ;. The class probability matrix
[p1,...,pNn] € RE*Y is comprised ofP, ; for k = 1,..., K and

1 = 1,...,N. Data matrix and class label vector are defined as
X = [x1,...,xny] andy = [y1,...,yn] ", respectively.

Multiclass problems are decomposed into a set of binary-prob
lems that are solved by individual binary classifiers. Sueboth-
position can be viewed ancodingand various methods are widely
used:

e A set of K binary functions are learned, each of which dis-
criminates one class from the other classes, referreddnes
versus-all(OVA).



e Asetof @ binary classifiers are learned, each of which where

distinguishes each pair of classes, referred tal&pairs
(APSs).

d(Cjk, Qj,i) = —Cjklog Qi — (1 — Cjk) log(l — @),  (2)

e Error correcting output coding (ECOC) assigns a binary eodels thecrqss-entrop)error fgnction for two classes where the model
word to each class such that Hamming distances betweeRrobability for membership of one class@s,; and the correspond-
codewords are maximized (to increase the separability) an#’d true probability isC,;, while the model probability for mem-
the length of codewords determines the number of binaryPership of the other class is— @;,; and the corresponding true

functions to be learned.

Aforementioned encoding methods are representeddngding
matrix C = [C}] € R™*X where M is the number of binary

classifiers involved anfl is the number of class labels. For instance,
Table 1 shows th8 x 3 coding matrix for a 3-class problem in the

case of APs coding. Each column in the coding matFixdenoted

by ¢;, corresponds toodeword Each row is a binary problem to be

solved by a binary classifieBC;). For instanceBC discriminates
class 2 from class 3, while samples in class 1 is not used.

Table 1. Coding matrix in the case of APs for 3-class problem is
shown, whereBC; denote binary classifiers, 1 and O represent posi
tive and the negative class labels, ahdndicates unused class label

(don’t care terms).

class1 class2 classB
BC, 1 0 A
BC, A 1 0
BC; 1 A 0

Given the coding matribxC, the jth binary classifier is trained

probability is1 — C . Coefficientsw; > 0forj =1,..., M are
aggregation weightsin the case of’; . = A, we do not care what
a probability estimate of the corresponding binary classifields,
so we setl(A, Qj,:) = 0.

Note that the discrepancy measure is not confined to the-cross

entropy only. Our method holds for any proper loss functi&ior
instance, we can also choose the exponential loss fundtainmas
used in loss-based decoding [2]

de(Cjk, Qjyi) = exp {_éj,k(Qj,i - 1/2)} ,

whereC} x=1,-1, or 0, wher(; ,=1, O, orA\, respectively.

Denote byw € R™ the aggregation weight vector. Given input
x; and the corresponding, (the probability estimates a¥/ binary
classifiers), we make use of the softmax function to modetkhss
membership probability:

@)

exp{—p(ck, q;)}
S exp{—pl(c;,q,)}

wherep(cx, q;) is given in (1). Note that in the case where a class
label for z; is chosen byarg max, P(y; = k|w,x;) with w, =

- = wym = 1 and the exponential loss (3) is chosen, our method
produces the identical prediction to the loss-based dagddi. In

Py = k|w,z;) = (4)

using exampleg(xz;, C; )}, where binary values of target are de- other words, our method can be viewed as a probabilistimeida

termined by the coding matrix. For instance, in the case efid
binary classifier in Table 1, the binary target valuedgiis C2o = 1
whenx; belongs to ‘class 2’ and 62,3 = 0 if x; belongs to 'class
3.

Suppose that each binary classifier yields a probabilisédip-

tion, the value of which ranges between 0 and 1. For examme, w P(y; = k| w,x;) =

can use probabilistic SVM [8]. Givem,;, we define the probabil-
ity estimate of thejth binary classifier ag);;, leading to binary
classifier output matriQ = [q;,...,qy] € R®*Y. The task of
multiclass problem is to estimate class membership prébebip,
using a collection of binary classifiers’ probability estites.g;.

3. GEOMETRIC PROGRAMMING FOR OPTIMAL
AGGREGATION

In this section we present how we integrate the results aVihahl
binary classifiers in multiclass problem. Especially wevghioat an
optimal aggregation of binary classifiers is formulated a®mvex
optimization problem that is solved by geometric prograngni

3.1. Aggregation of Binary Classifiers

In order to predict the appropriate class labekgfwe need to eval-
uate which codewor@; is closest tog; (a collection of prediction
results of binary classifiers, given daig) in the sense of a pre-
specified discrepancy measure. We define this discrepdiegsyq,)

as a conic combination d¥f/ discrepancies induced by binary clas-

sifiers:

M
pler,q;) =Y w;d(Cjk, Qi) (1)
j=1

of the loss-based decoding, in which aggregation weigtgpti-
mally tuned using a convex optimization method.

We re-arrange the class membership probability (4) by plyki
ing its numerator and denominator &yp {p(cx, q;)}:

exp {7 (p(ck’7 qz) — p(ck’7 qz))}
s exp{— (ples, q;) — plex,q;))}
1
—, ®)
SR

where the 2nd equality is derived by taking (1) into accoumd a
»?* € RM are M-dimensional vectors, thith entry of which is
given by

[l ¥ = d(Cr5, Qi) — d(Cui, Qui). (6)
With these relations (5) and (6), we write the likelihood as
8(k,ys)

N K 1
p(y|w,X) = - s
Hlkgl PO 7+

j=1€XP {fngoZ

)

whered(k, y;) is Kronecker delta which equals 14§ = k and
otherwise 0. We estimate aggregation weightby minimizing the
objective function which negative log-likelihood regutad by ¢,

norm of weight vectoww:

M
—log p(ylw, X) + A |w|

j=1

N K
= Zlog <Z exp {—ngog’yi }) + X" w + cons{(8)
i=1 j=1

J =



subject to the constraints; > 0forj = 1,...,M andX = exp{w; } ands; = exp{z;}, turns the exponential of an affine func-

A, ..., A]" € RM. The objective function (8) and constraints > tion into a monomial function

O0forj =1,..., M are convex, so the formulation becomes a con- My

vex optimization problem in which a global solution can barfd. —lplviy, T o
We solve this constrained convex optimization problem byvedt- ll_[l & exp {_w ¥i } '

ing it into an equivalent geometric programming, which iplained

in Section 3.2. N
I
1=0

With this change of variables and the transformation of cibje
and constraint functions, the geometric program in posyabiorm,
which corresponds to (10), is given by

3.2. Geometric Programming

Geometric program is an optimization problem charactdrizeob-
jective function and constraint functions which have a gidorm
involving posynomials and monomials [9]. The original gestrit

program is in posynomialform but can be easily transformed to N
the geometric program in convex form [9, 10]. We first present minimize Hsi
geometric program in convex form, which is equivalent to rab- i—0
lem (8). The corresponding geometric program in posynoforah M
is subsequently described, which is suited to the availsbievare subjectto sy! H ap <1,
'Mosek’ [11] that was used in this paper. =1
We first re-write (8), leaving out the constant term, as K M s
N s (e ") <1, i=1,000N,
T =" hi(w) + ho(w), ©) .
i=1 a <1, l=1,...,M. (12)
where Note that the transformation between two geometric program

(10) and (11), just changes the form of the objective andtcains

-
ho(w) = A w, functions. They solve the same problems and the problemfdata
il T i ) them are the same [9]. The optimal solutieri is determined by a
hi(w) = log Zexp{*w ‘Pfy} ,fori=1,..., N, change of variablesp* = log a*, wherea* is optimal for (11).
Jj=1
with the constraintsv; > 0 for j = 1,..., M. Then we introduce 4. NUMERICAL EXPERIMENTS
variablesz = [z, z1,. .., zn] ", each of which; is an upper-bound
on the corresponding; (w), to write the geometric program in con- We used 7 UCI datasets [12] to evaluate the performance of our
vex form which is equivalent to the minimization of (9): method, compared to the loss-based decoding [2] and WMAP [7]

for three different encodings (APs, OVA, ECOC). In the cae o

L N loss-based decoding, we used the exponential loss fun@)ort-or
minimize Zzz WMAP, user parameters were manually set, choosing the salue
i=0 yielding the best performance after several trials wereemé#wal our
subjectto ho(w) — 2o <0, algorithm, we seh = 0.1. Data descriptions are summarized in Ta-
hi(w) — 2z <0,i=1,...,N, ble 2. Datasets are pre-processed such that all attribugesamal-
w;>0,j=1,..., M. (10) ized to have unit variance, in order for attributes to resmdsimilar

dynamic ranges. Only for 'isolet’ dataset, we applied PCAeduce

It is a convex problem inw, z) because the objective is linear the dimension down to 30.

and the constraint functiongh;(w) — z;} are convex in(w, z). Linear SVM was used as binary classifiers. In order to convert
The equivalence between two convex problems (9) and (10) i§lassifiers’ scores into probabilities, we employed thesigenoid
summarized in Theorem 1, which can proved easily by proef-by model, as used in [8], in which binary classifier's probapiksti-

contradiction. mate is computed b§);; = 1+exp{7A1fj<mi)+B}, wheref; is the

Lo ) ” function learned by thgth SVM andA, B € R are parameters that
Theorem 1 Suppose thatw™, z*) is optimal for (10) andw are tuned, following the method in [8].
is optimal for (9). Thenw* = w** and z; = h;(w**) for

i=0,1,...,N.

Then we transform the geometric program in convex form (10) Table 2. Data description.
to the standard form of geometric program, referred to baage- 7 samples # attributes ## classes
ometric program in posynomial form. To this end, we transfor glass 214 9 7
the objective and the constraint functions, by taking thgoeential satimage ijgi 386 170
function, leading us to considexp {Zf;o zi} andexp {h;(w)} pgr?(?iztits 10992 16 10
fori = 0,1,...,N. Then, the change of variables, i.e; = vowel 990 10 11

1 . . . isolet 7797 617 26

Posynomial is a sum of monomials and the exponents of a m_mhoap letter 20000 16 26

be any real numbers, whereas the exponents must be noweegéters in

the case of polynomial.



In the case of ECOC, the size of coding matrix becomes veryecent Bayesian aggregation [15], the proposed methodsidban
large forK > 8, if the complete code is adopted. We used the com-convex aggregation, which is free from local minima protdem

P K1 . o
plete code f_orK < .8’ yleldln_g M = 2 . 1 bin?ry classifiers Acknowledgments: This work was supported by NIPA Program of
and generating a binary coding matrix without don’t carene()). Software Engineering Technologies Development and Exyidt
For i > 8 we generated a spare random coding matrix as in [2], ir'ucation NIPA-MSRA Creative IT/SW Research Project, andPNR
which M = [151og, K, and entries of the coding matrix are cho- WCU P’rogram (R31-2010-000-10100-0) '

sen asA with probability 1/2 and0 or 1 with probability 1/4 for ’

each. Table 3 summarizes the 10-fold cross-validatedifitzg®n
accuracy for three different methods, including loss-dakeroding,
WMAP, and our method. Our method shows the highest classifica
tion accuracy across most of cases. In these experimentasece
linear SVM for binary classifiers: LibSVM [13] for small-deadata
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