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Two-Dimensional Canonical Correlation Analysis

Sun Ho Lee and Seungjin Choi

Abstract—In this letter we present a method of two- II. CCA
dimensional canonical correlation analysis (2D-CCA) whez we . L
extend the standard CCA in such a way that relations between Consider two sets of multivariate dat@;?t € R™¢ =
two different sets of image data are directly sought withoutre- 1,..., N} and{y, € R",t = 1,..., N}, which are realiza-
shaping images into vectors. We stess that 2D-CCA dramatilg  tions of random vectors andy, respectively. Mean vectors
reduces the computational complexity, compared to the statard of x and y are denoted by, = + Zi\flmt and p, =

CCA. We show the useful behavior of 2D-CCA through numerical that tered dat " ted b
examples of correspondence learning between face images inV Zt 1Y SO that centered data vectors are represented by
different poses and illumination conditions. x, =z — p, andy, =y, — p,, respectively.

1 1 m
Index Terms—Canonical correlation analysis, Correspondence CCA seeks a palr of linear transforms;, € R™ and

learning, Two-dimensional analysis. w, € R™ such that correlations betwean]z and w, y
are maximized. In other words, the objective function to be
I. INTRODUCTION maximized is given by
Canonical correlation analysis (CCA) is a multivariatelana cov(w, z, w, y)
ysis method, the goal of which is to identify and quantify P = = =
the association between two sets of variables [2]. CCA first \/ var(w ] z) var (wy)
seeks a pair of linear combinations (a linear combinatiathef w,] Cryw,
variables in one set and a linear combination of the varg@able - . T ’ @)
in another set) which has the largest correlation. Next, it \/(ww Crrwy) (wy nywy)
determines a pair of linear combinations having the largest T LN~ T
correlation among all pairs uncorrelated with the inigiall WNere Cay = <‘B > = ¥ 21—1 Ty, , Where () denotes

selected pair, and so on. That is, CCA represents a highe statistical expectation. In a similar manr@r,, = <%cET>
dimensional relationship between two sets of variable$ wit

a few pairs of canonical variables. andCy, = <nyP

During recent years, CCA and kernel CCA (KCCA)[3] Then, CCA is formulated as
were successfully applied to content-based retrieval t[éb]t T
mining [4], [6], and facial expression recognition [10]. aﬁ,gﬁluixwz Crywy, 2)
the case of image data, it is essential to reshape image data
into vectors before CCA or KCCA is applied. Such reshaplr%mleCt tow, Cypw, = 1 andwy Cyyw, = 1. Incorporating
might break the spatial structure of image data and incred§6S€ two Constralnts the Lagrangtﬁms given by

the computational complexity. _ TC A (1—wlC
In this paper we present a 2D extension of CCA, referred J Wa wywyi v (1= w, Crows)
to as 2D-CCA, which directly takes two sets of image data +2y (1 - w, Cyyw,). (3)

as inputs without undergoing reshaping them into Vectons.ic \well known that 27 6J — 0 and 8.7 — 0 leads to the
in order to correlate relationships between them. Our 2

CCA was strongly motivated from recent two-dimension
methods such as 2D-PCA [7], GPCA [8], and 2D-LDA [9]. C.y we | _ | Cox O wy 4)
The major difference between CCA and 2D-CCA lies i Cyz 0 wy 0 Cyy wy |’

the data representation. We show that 2D-CCA dramaUcajg_‘ere/\ — 2\, = 2)\,. Those readers who are not familiar

?Ilowmg generalized elgenvalue problem

reduces the computational complexity, compared to CC th CCA, can eaS|Iy see how this generalized eigenvalue
The rest of this paper is organized as follows. In the ne t

bl f the f lat 2), f th di
section, we give a brief overview of the standard CCA. Se 6 oblem emerges from the formulation (2), from the appendix

here we show detailed derivations for 2D-CCA.
[l illustrates a 2D extension of CCA. Numerical experimgent
are given in Sec. 1V, stressing the useful behavior of 2D-CCA

in correspondence learning between face images in differen ll. 2D-CCA
poses and in illumination conditions. Conclusions are draw Now we consider two sets of image datdX; €
in Sec. V. Rma=xne ¢ =1 ... N}and{Y; e R™v*™ ¢t=1,... N}
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Brain Neuroinformatics program. _ ~ reshaped into a long vector, then the method described in Sec
The authors are with the Department of Computer SciencearRRpkuni-

versity of Science and Technology, San 31, Hyoja-dong, NamPohang, !l is applied. Here we .present _2D'CCA where we directly use
Kyungbuk 790-784, Korea (emafsunholee,seungjir@postech.ac.kr). image data to determine relations between them.
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We define mean matrices &; andY; as 2D-CCA determineg, andl, by solving (9) withr, and
N r, fixed. The right transforms, andr, are found by solving
M, = 1 ZX“ (10) with I, andl, fixed. Givenr, andr,, the optimization
N P in (9) involves the following generalized eigenvalue peashl
| N (see Appendix for detailed derivation):
M, = — Y.
v N Z ! 0o xr L, .0 L,
. > B I el N R >N B I O
Then centered image data are denoted by Yz Y vy Y
- In a similar manner, giveh, andl,, the optimization in (10)
Xy = Xy—-M,, : . . _ _
~ involves the following generalized eigenvalue problem:
Y, = Y,-M,.

! 1

2D-CCA seeks left transforms, and!l, and right trans- [ 29 Egy } { :”” ] = /\{ 26”” 29 ] { ::”” } . (15)

forms =, andr, such that correlations betweép Xr, and ye Y vy Y

1, Yr, are maximized. Then 2D CCA is formulated as  Left transforms [, andl,) and right transformsr(, andr,)
are determined by iteratively solving (14) and (15) untiheo

T T 3 .
lal"g f?ax cov (lw X1yl YTy) ) vergence (see Table | for the outline of 2D-CCA algorithm).
o Tasby, Ty In our numerical experiments, it takes only a few iteratifors
s.t. var(lIsz) =1, convergence. Thé, largest generalized eigenvectors in (14)
- determinesL, € R™=*% and L, € R™>%_ In a similar
var (ly Y”y) =1 (5)  manner, thel, largest generalized eigenvectors in (15) gives
, R, € R=>% R e R™*% |nthe case of image data, 2D-
We define . . .
N CCA involves the generalized eigenvalue problem for much
—~ ~T 1 ~ ~T smaller size matrices, compared to the standard CCA, which
¥, = <err;jY > ==Y Xr,r,Y,, (6 . pare
( : N Y reduces the complexity dramatically.
t=1
_ —T 1 T TABLE |
Yiw = <XTITIX > =N ZXtTmT;Xt (1) ALGORITHM OUTLINE: 2D-CCA
t;1 Input
~ ~T 1 ~ ~T - Image data{ X, € R™=*"«}N and{Y; € Rmy > }N
Ezy = <Y'ry'r;Y > = — Z Ytrrr;Yt . (8) - The size of the canonical variable matrik; x do !
N t=1 Output
h . - Left transformsL, € R™=*d1 L, € Rmy*d1
Note that we can write - Right transformsR,, € R"=Xd2 R, € Rnv*d2
—~ ~T —— =
cov (l;—X'rm, lTYry) _ <l;—X'rI7’TY ly> Do centering image data to géiX+} and {Y+}
Y Y Initialize R, and R,
- s repeat
T Tayry: Compute the following matrices
With these definitions, the formulation of 2D CCA given in .=+ 3N XiR.R[ X, ,
(5) is rewritten as s, =+ YN XR.R Y], =, =[31,]7,
= ~T
T Sy = %Zé\]z1 YtRyRTYt :
argmaxl, Ezyly’ Computed; ylgrgest generalized eiggnvectors in (1&); and L,
TS r _ Compute the following matrices
st 1% 1, =1,

—~T —
= & DL X, LL X,

=1 ~
Note also that B, =%, Y, LyL) Y.

Computeds largest generalized eigenvectors in (18; and R,
cov (lIer, l;Yry) = cov (’PIXTII, rTYle) . until (converged)

L= L, =1. )

T

Y

Hence, alternatively, we can also rewrite (5) as

arg max rIEiyry,
st. ]2l ro=1 IV. NUMERICAL EXPERIMENTS

r;E;yry =1, (10) We present two numerical experiments with AR and FERET
face DB. Experiment 1 (with AR face DB) involves the

where application of CCA and 2D-CCA for correspondence learning
glm — <X/lel2?>, (11) between face images in different illumination conditiofrs.
‘ S Experiment 2, we use FERET face DB, investigating the
== <X lml;X>, (12) behavior of correspondence learning between face images in

. T oo different poses. All experiments were carried out on a P@ wit
Xy = <Y L, Y>- (13) P4 3.4G CPU with 2G RAM.
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A. Experiment 1. Face images in different illuminations

We collected 536 face images of 134 people (75 male

TABLE Il

AVERAGED ACCURACY IN EXPERIMENT1. THE REDUCED DIMENSION IS
REPRESENTED BYd AND THE BEST CASE FOR EACH METHOD WAS

CHOSEN THROUGH EXPERIMENTS

Method Accurac
and 59.female) from AR face DB. Forl ea_ch person, there CCA 97.56% (dZ4o)
are 4 different face images, three of which involves diffeere 2D-CCA 98.46% (d=40)
illumination conditions. Fig. 1 shows exemplary face image L“D-AD/? (’71:01)4) gg-g%’ Egzjgg

. . . . r n=10" . o (0=
used in our experiment. Each face image was resized by 50 >D-LDA 98.21% (d=35)

x 50 and was normalized according to the eye location.

B. Experiment 2: Face images in different poses

We used a subset of FERET face DB which consists of
1800 face images (of siz¢) x 50) of 600 people. For each
person, there are 3 images associated with 3 different poses
including front (F), left (L), and right (R). Face images wer
normalized manually with respect to eye locations. Exempla
images are shown in Fig. 2.

Fig. 2. Exemplary face images in FERET face DB.

F:

|
.-—a..-q. *ﬂ'ﬁ"_

L '-.WL

Fig. 1. Exemplary face images in AR DB are shown. Face imagebe
top row are references without varying illumination coiatis and the rest
of images are faces taken in different illumination corfisi.

T @ W

In order to apply CCA and 2D-CCA, we partition the dataset
into 2 groups wheré X ;} is a set of face images with frontal
. . view and{Y",} is a set of face images with non-frontal but the
We partition the dataset into two groups where one gro me pose. We apply CCA and 2D-CCA to a pair of front-left

contains reference face images and the other group contalns front. right. We also apply rLDA and 2D-LDA. In such

m;?ges in dltffer:caztolzllurr;matmn fcondmons Tge first QFIf)Ul case, each class contains 1 frontal and 1 non-frontal face
{ X} consists o0 reference face images (3 copies o ﬁbage. As in Experiment 1, averaged accuracy with 10-fold

face images in order to_ t_>a|a_nce the_numt_)er of s_amp_l_es WEbss-validation is summarized in Table II1. It is expectiedt
the s_e_cond group containing images in 3 d_|fferent ilurmiorat LDA methods do not work well since each class contains only
f:ond|t|or_15)._The S?CO”‘?' QTOU@Yt} .c_on5|sts of 402 face 2 images. In contrast, 2D-CCA exploits a linear relatiopshi
images in different illumination conditions. to identify a corresponding reference (frontal view) image
The task here is to investigate how well CCA or 2D-CCAjiven a non-frontal face image, showing its reasonablesbett
can relate face images in different illumination condigdo performance compared to other methods. The running time of
corresponding reference face images. In such a recognit®D-CCA is about 2 sec, whereas CCA takes about 80 sec.
task, we use a 1-NN classifier. For CCA, images are reshaped

into 2500-dimensional vectors anttdimensional canonical AVERAGED ACCTJAI??AIZZE:II\IIEXPERIMENTZ
correlation variable vectorsW x and WTy) are used in = = . .
classification. In the case of 2D-CCA, images are dlrecthus Metho ':Arggj'r';gy F/&%r;sggyt
and d x d canonical correlation variable matrlce.El(X R, CCA 56.17% (d=20)| 61.33% (d=10)
and LTYR ,) are used as inputs to the 1-NN classifier. With 2D-CCA 72.33%6 (d=10) | 74.1%0 (d=10)
10-fold cross-validation, the averaged accuracy is surizedr ILDA (n=1) | 32.33% (d=40)] 34.83% (d=60)
Table I, where the results of regularized LDA (rLDA) LDA (n=10"") | 53.83% (d=70)| 55.50% (d=60)
in Ta , g 2D-LDA 29.50% (d=15)| 33.33% (d=30)

[5] and 2D-LDA [9] are also shown. In cases of rLDA
(two different regularization parameters were usgdl and

n=10"%) and 2D-LDA, each class is composed of 4 images Figs. 3 and 4 show the classification accuracy of CCA and
(1 reference + 3 images in different illumination condispn 2D-CCA, with respect to varying (reduced dimension). In

In terms of classification accuracy, 2D-CCA is better thacontrast to CCA, 2D-CCA is not significantly influced by the

CCA and is compatible with rLDA and 2D-LDA. However,size of the reduced dimension. This might result from theé fac
the running time of 2D-CCA is about 2 sec, whereas it takéisat 2D-CCA correlates relationships between image destase
about 150 sec for CCA. with preserving their spatial structure.
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Fig. 3. The classification accuracy is shown with respectht® reduced
dimensiond in CCA.

1-
— ® — Front-Left
09 — 4 — Front-Right|
& o0s8F
Z s
go7 L e ¢
& R e
14 ! R S - -
%5 0.6 1
> !
3 I
5 05
2 /
& i
o 0.4r
3 I
e
I I
E 03
= /
& 02r
I
0.1/
I
o i i i i i i i i
0 5 10 15 20 25 30 35 40

Dimension

Fig. 4.
dimensiond x d in 2D-CCA.

V. CONCLUSIONS

In this letter we have presented a two-dimensional extensid?!
of CCA which directly takes image data as inputs without

reshaping them into vectors, in order to correlate relatiips

between them. The main advantage of 2D-CCA is two-

fold: (1) low computational complexity; (2) preserving siph
structure of image data in the calculation of canonicalalaa

matrices. We have also presented novel applications of 2D-
CCA, including correspondence learning between face image,

in different illumination conditions or in different poses

APPENDIX

The classification accuracy is shown with respectht® reduced

Solving % =0 and % =0, leads to
E;yly -2\ X0 1, = 0, a7
Sl — 20,50 L, = 0. (18)

Pre-multiplying both sides of (17) by; with taking the
constraintl,| X" I, = 1 into account, leads to

1371, = 2\ (19)

Pre-multiplying both sides of (18) by; with taking the
constraintl;E;yly =1 into account, leads to

1,37 1 = 2\, (20)

It follows from (19) and (20) that = 2X\;; = 2)\;,. Thus,
Egs. (17) and (18) yields the generalized eigenvalue pnoble
given in (14). Assumingz; s invertible, it follows from Eq.
(18) that we have

1 T -1 T
l, = X =] =l (21)
Substituting (21) into (17) gives
T T -1 T T
3, [Zh] Thale = N30, 1L, (22)

Thus, the generalized eigenvectors in (14) are determiged b
first solving for the generalized eigenvectors of (22) and-fin
ing I, using (21). In a similar manner,, andr, which solves
(10) is determined by the generalized eigenvalue problem
given in (15).
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